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Article history: The understanding of viscoelastic flows in many situations requires not only the steady
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588‘;‘"'3‘1 in revised form 18 September Linear stability analysis leads to a generalized eigenvalue problem (GEVP), whose numer-

ical analysis may be challenging, even for Newtonian liquids, because the incompressibility
constraint creates singularities that lead to non-physical eigenvalues at infinity. For visco-
elastic flows, the difficulties increase due to the presence of continuous spectrum, related
to the constitutive equations.

The Couette flow of upper convected Maxwell (UCM) liquids has been used as a case
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ffi'gvn‘fﬁssible flows study of the stability of viscoelastic flows. The spectrum consists of two discrete eigen-

Stability analysis values and a continuous segment with real part equal to —1/We (We is the Weissenberg

Eigenvalues at infinity number). Most of the approximations in the literature were obtained using spectral expan-

Finite elements sions. The eigenvalues close to the continuous part of the spectrum show very slow conver-
gence.

In this work, the linear stability of Couette flow of a UCM liquid is studied using a finite
element method. A new procedure to eliminate the eigenvalues at infinity from the GEVP is
proposed. The procedure takes advantage of the structure of the matrices involved and
avoids the computational overhead of the usual mapping techniques. The GEVP is trans-
formed into a non-degenerate GEVP of dimension five times smaller. The computed eigen-
functions related to the continuous spectrum are in good agreement with the analytic
solutions obtained by Graham [M.D. Graham, Effect of axial flow on viscoelastic Taylor-
Couette instability, J. Fluid Mech. 360 (1998) 341].

© 2008 Elsevier Inc. All rights reserved.

1. Introduction

Linear stability analysis of incompressible flows is used in many practical examples to determine the parameters at which
the flow becomes unstable. It is an important design tool for many manufacturing processes, where a steady state flow is
crucial for uniform product quality.

The hydrodynamic stability of a laminar flow is determined by tracking the effect of a perturbation of the flow. The
discretization of the system of linear differential equations that describe the amplitude of the perturbations ¢ and its rate
of growth ¢ leads to a non-Hermitian, generalized eigenvalue problem (GEVP) of the form

Jc=oMc. (1)

The matrices J and M are usually called the Jacobian and mass matrices.
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The challenges of linear stability analyses of viscoelastic flows are many. The presence of elastic stress boundary layers
requires a refined mesh in some regions of the flow, leading to large matrices. The differential models used to describe the
viscoelastic behavior of liquids lead to singularities. In contrast to Newtonian flows, the related linear eigenvalue problem
may contain continuous spectrum in addition to discrete eigenvalues.

These difficulties are already present in the stability analysis of simple Couette flow of an upper convected Maxwell
(UCM) liquid. In their theoretical analysis of a simple geometry, Gorodtsov and Leonov [1] showed that the related spectrum
is composed by the so called Gorodtsov-Leonov eigenvalues, and an interval in the complex plane given by —1/We + iaU,
where We is the Weissenberg number, o is the wavenumber of the perturbation along the flow direction and U is the wall
velocity. The literature contains a number of texts dedicated to the numerical confirmation of their description, along with
generalizations to different rectilinear flows, such as Poiseuille and multilayered flows, together with more elaborate con-
stitutive models. Important contributions can be found in [2-6,8]. In these analysis, the flow perturbation along the
cross-stream direction is written in terms of the streamfunction and spectral methods are then used to solve the equations.

Previous numerical experiments recover very well the Gorodtsov-Leonov eigenvalues and approximate the continuous
spectrum by oval-shaped figures. The width of the oval figure decreases for denser discretizations, but convergence is slow,
as seen in [3-5]. As commented by several authors, the inaccurate approximation of the continuous spectrum and the slow
convergence of these eigenmodes are related to the singular nature of the eigenfunction. There are two known families of
eigenfunctions related to the continuous spectrum of this flow. Graham [10] obtained two-dimensional subspaces of solu-
tions that have non-zero velocity field and non-integrable singular stress fields. This is consistent with the presence of ovals
in numerical experiments. Kupferman [11] found another family of distribution-valued eigenfunctions for the stress field,
consisting of delta functions and their derivatives, which do not perturb the velocity field. He also considered the effect
of the finite-difference scheme on the numerical approximation of the continuous spectrum. At high Weissenberg numbers,
the real part of the continuous spectrum is a small negative number, whereas their approximations by the oval may cross the
imaginary axis, leading to incorrect predictions about the stability of the flow.

Solving the GEVP (1) may be difficult even for viscous flows. The discretization describing the perturbed fields leads to
large matrices, frequently ruling out the calculation of the full spectrum. Only the leading eigenvalues, those with the largest
real part, are calculated, usually by iterative methods. Moreover, the mass matrix M, associated to the transient terms of the
governing equations, is singular because the mass conservation equation of incompressible flows does not have a transient
term. This singularity gives rise to (theoretical) eigenvalues at infinity, which manifest in computations as large, but finite,
numbers.

Large eigenvalues have to be tamed: naive iterative methods favor the eigenvalues with the largest modulus, not those
with the largest real part. To circumvent this difficulty, a common procedure is to use a shift-and-invert transformation,
mapping infinity to zero, as done by Sureshkumar and Beris [3]. Iterative methods used to solve the transformed problem
will favor the eigenvalues closest to the shift parameter, not the leading ones. Christodoulou and Scriven [12] used approx-
imately exponential preconditioning by rational transformation to overcome these difficulties. In this case, the eigenvalues
of the transformed problem are the exponentials of the original eigenvalues, and thus eigenvalues of largest real part in the
original problem give rise to eigenvalues of largest modulus in the transformed problem, and standard iteration techniques,
like the many variations of Arnoldi’s method, may be considered. The preconditioning step is computationally expensive.
Navarro et al. [7] developed an efficient method based on a modified Cayley transformation followed by another transfor-
mation for the eigenvalues at infinity to solve the generalized eigenvalue problem that describes the linear stability of a fluid
heated non-uniformly from bellow. However, as they stated, some care needs to be taken since not all the eigenvalues at
infinity are removed.

Taking a different approach, Arora and Sureshkumar [8] accurately captured the spectrum in the purely elastic limit for an
Oldroyd-B liquid, with substantial reduction in CPU time and memory requirements. Their algorithm, however, can only be
applied to creeping flows (i.e., vanishing Reynolds number) and constitutive models with a polymeric viscosity term. In par-
ticular, it cannot be applied to a UCM liquid. To avoid these limitations, Sureshkumar [9] presented his compressible visco-
elastic formulation (CVF), which is well suited for the linear stability analysis of viscoelastic flows. The incompressible
eigensolutions can be recovered from CVF in the limit of small compressibility. In essence, CVF is a penalty-formulation
to remove the singularity of the mass matrix.

Valerio et al. [13] showed that the GEVP resulting from linear stability analysis of viscous flows may be reduced to a smal-
ler non-singular GEVP. The linear stability analysis is formulated in terms of the primitive variables, namely, pressure, stress
tensor and velocity of the flow. The differential equations are discretized using finite elements. In this work, an extension of
this procedure is proposed for the Couette flow of an UCM liquid. By keeping track of the sources of eigenvalues at infinity
combined with a detailed analysis of the structure of the mass and Jacobian matrices, eigenvalues at infinity are eliminated
by an algebraic procedure. As a consequence, the original (GEVP) becomes five times smaller and the new mass matrix is
non-singular. The numerical computation of the spectrum is very satisfactory, with substantial savings in memory require-
ments and CPU time. The discretization of the continuous spectrum gives rise to a peculiar picture, which at first sight sug-
gests three different arcs of eigenvalues, the middle one lying on top of the continuous spectrum. Careful examination,
however, shows that only two discrete eigenvalues appear for a fixed imaginary part: one on the central arc, the other
alternating from left to right. The related eigenfunctions are in good agreement with the analytical solutions presented
by Graham. This peculiar pattern seems due to the choice of element discretization: eigenfunctions and eigenvalues are
significatively related to the underlying mesh and basis functions.
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2. Linear stability analysis: finite elements discretization

The velocity v and pressure p fields of steady state, incompressible, creeping flow are governed by the continuity and
momentum equations
V.v=0, -Vp+V.z=0.
The extra-stress tensor is 7. In order to compare the predictions with previous work in the literature, the upper convected
Maxwell (UCM) constitutive equation was chosen to represent the viscoelastic behavior of the liquid
T+ Werg) =9,

where 1y = (v - V)t — (Vv)z — ¢(VVv)" is the upper convected derivative and y = (Vv + Vv7) is the rate-of-strain tensor. The
Weissenberg number is We = V/L and 4 is the relaxation time of the liquid. The gradient of the velocity is given by the ma-
trix Vv = Glese;.

Geometry and boundary conditions are shown in Fig. 1. Liquid flows between two parallel plates located at y = +1 that
are moving with velocity U = +1. Gorodtsov and Leonov [1] considered a similar geometry. The steady state solution of this
problem is given by

2We 1 0
Vo= (y,0,0), pp=0 and o=| 1 0 0
0 00

To determine its linear stability, we add perturbations to the fields above,
V(X,t) = Vo(X) + € V'(y)e™ ",

P(X,t) = py(X) + € p'(y)e™ ",

(X, t) = 10(X) + € 7' (y)e™*o,
The fields v/, p’ and +’ describe amplitudes and ¢ is the growth factor of the perturbation. The wave number « along the flow

direction is given; in applications, stability is considered for a range of values. As usual, the sign of %(o), the real part of g,
determines the stability of the flow. Thus, v, p and r satisfy

V-v=0, prwLV-r:O, T+W€T(]):’il, (2)

where now tj, =&+ (v- V) — (Vv)r — ©(Vv)" is the upper convected derivative with an additional transient term.

Following the usual procedure, we insert in the system (2) the expressions for the perturbed fields and neglect terms of
order O(€?), on our way to compute the sensitivity matrix related to the linear stability of the flow. To simplify notation, we
drop primes: the perturbed fields will be represented by p, z, and v. We list the three different types of equations: for con-
tinuity, for the UCM constitutive model and, finally, for momentum conservation:

dv

iow + @y 0;
(oWe + S)t11 — 2Wety; — (4We2 + 2)iou — ZWE% =0,
. du 2 . dv
(cWe + S)T15 — Wet,, — Weiau — @ — (2We* + 1)iaw — We@ =0, (3)
du dv
(cWe + S)15; — 2We@ - 2@ =0;
. d'ﬁz . _ dp dez . Y
—1051-7+W+IOC‘C11 =0, _d—y+W+lOCT12 =0
Uu=1
_—
Y =1
Y
v-o %
X
Y =-1
<
U=-1

Fig. 1. Configuration of plane Couette flow.
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where S = 1 + iayWe and, at the boundary, u(y = +£1) = 0, #(y = +1) = 0. The perturbed fields and the growth rate ¢ of the
perturbation are taken as unknowns.

We discretized system (3) by applying Galerkin’s weighted residual method. As a first try, we used a common set of
basis functions for steady state viscoelastic flows: piecewise quadratic continuous functions to expand the velocity field,
piecewise linear continuous functions to expand the stress field and piecewise linear discontinuous functions to expand
the pressure field. The computed eigenvalues (evaluated with QZ method) at We = 10 and « = 1 did not approximate
well both the discrete (—0.056 + +i0.950) and the continuous part of the spectra (line segment —0.1 & i), as it is clear
in Fig. 2a.

Modifications of system (2) have been proposed in recent years with the goal of stabilizing the numerics to compute stea-
dy state flows of viscoelastic liquids. Szady et al. [14] suggest an additional variable G to represent the velocity gradient as an
independent field. For an incompressible liquid, the velocity gradient should be traceless, since V - v = 0. Pasquali and Scri-
ven [15] enforce this by setting

(V-v)I

The perturbed fields fields, now including the interpolated velocity gradient G(X, t) = Go(X) + €G'(y)e™*+7!, satisfy
V.v=0, -Vp+V.z=0,

ot T T
t+We| -+ (v -V)r—(G)r—1(G) | =(G+G),
ot (4)
V-v)l
c-vvi YV
tr(I)
1.5
a 1.5 T T T T T b T T T T T
1+ o* 4 1+ o* 4
0.5+ . 4 0.5+ . 1
o)) o)
g ol i B |
05} * i 05} * i
1t O, i 1t Oy 1
O exact o exact
15 . . . L L 15 . . . L L
-0.25 -0.2 -0.15 -0.1 -0.05 0 -0.25 -0.2 -0.15 -0.1 —-0.05 0
real real
1.5 - - - - - 1.5 T T T - T
Cc - d
*
**
T *** * * Qe | " - © |
**
**
0.5 f;}‘ 4 0.5F i
;
o) o)
©
g 0 * 9 g Oor i
*
-05% B -0.5f 1
*
*
*
s
**
1L -, O% | 1t e By ¥ ® 4
O exact O exact
-15 Lk L L L L 15 L L L L L
-0.25 -0.2 -0.15 -0.1 -0.05 0 -0.25 -0.2 -0.15 -0.1 —-0.05 0
real real

Fig. 2. Computed eigenvalues as a function of the formulations and set of basis functions used: (a) original formulation and continuous linear functions for
the stress field; (b) modified formulation and continuous linear functions for the stress and interpolated velocity gradient fields; (c) original formulation
and discontinuous linear functions for the stress and interpolated velocity gradient fields; and (d) modified formulation and discontinuous linear functions
for the stress and interpolated velocity gradient fields.
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As before, we insert in the system above the expressions for the perturbed fields and neglect terms of order O(€?). To simplify
notation, we drop primes: the perturbed fields will be represented by p, t, vand G. The amplitude of the perturbations and
their growth factor satisfy

) dv

iotu + @y 0;

(O'We + S)Tu — ZWe'Clz — (4Wez + Z)Gu — ZWEG]Z = O,

(O'We + S)T12 — Wety, — WeGy — Gy — (2W€2 + 1)G21 — WeGy, = O,

(oWe + S)T2 — 2WeGy; — 2Gy, = 0;

. dtin . - dp dtyn . Y (5)
7loﬁp+7dy +10(T11 —07 *@‘FT}/‘FIOCT]Z —O,

1. 1dv du
—ilau-f‘iaﬂ—c]]fo, _d_y+G12707

. 1. 1dv
—iov+ Gy =0, ilau—§E+Gzz:0,

where S =1 + ioyWe and, at the boundary, u(y = £1) =0, v(y = +1) = 0.

We expand the unknown fields by the same set of basis functions used before, but now including an expansion for the
interpolated velocity gradient field: piecewise quadratic continuous functions to expand the velocity field, piecewise linear
continuous functions to expand the stress and velocity gradient fields and piecewise linear discontinuous functions to ex-
pand the pressure field. Again, the computed eigenvalues (evaluated with QZ method) did not approximate well both the
discrete and the continuous part of the spectra, as it is clear in Fig. 2b.

Realizing that a discontinuous stress field may satisfy the governing equations, we use piecewise linear discontinuous
basis functions to expand the stress and velocity gradient fields for both systems of equations (3) and (5), i.e. with and with-
out the interpolated velocity gradient field. The computed eigenvalues are shown in Fig. 2-c-d. The results that approximate
well the analytical solution were those obtained with the modified system of equations, where the velocity gradient is trea-
ted as an independent field, and linear discontinuous basis functions were used to expand both the stress and velocity gra-
dient fields.

In summary, the weighting functions ¢; used for the momentum equations are piecewise Lagrangian quadratic polyno-
mials. For the continuity equation, constitutive equations and interpolated velocity gradient equations, we take piecewise
linear discontinuous polynomials ;, y; and ¢;. Each perturbed field is approximated by a linear combination of the same
basis functions

m m
> T > Toawy
k=1

3

SN Tith Tizh
ph:ZPk Xk Th= =
P

Ti2n  T22n

m
> T > Taawy
k=1

n m m
> Ukdy DGk P, Y Grok Py

Uy, =1 Gin G P k=1

Vo = v = n ’ Gh = G G = m m
h kzl Vidy 2 2k kzl G2k Py, 1<Z1 Gk Py,

After integration by parts, the weighted residuals are
; ! dy,
R’:/ (iotu +—h> - dy;
c ) h dy X] Y
1

. 1
R = 0/ (We T]]h)l//j dy +/ (S’L']]h —2WeTy, — (4We2 + 2)611/1 - ZWeGuh)l//j dy,
1 _

1
1

1

. 1
le,12 = G/ (We T]zh)lﬁj dy +/ (Sleh — We(rm + G]]h) — G12h — (ZWEZ + 1)62”, — WeGm)tpj dy,
-1 -1

o1

. 1
Ry =0 [ (We sy dy+ [ (St~ 2WeGray — 26 dy

Pt ) ! dé;
lex - (laph - lafﬂh)d)j dy + (T1Zh) d d.Vv
-1 -1 y
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Elements# nodes #

8  —
o) ]
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SENCE OO

degrees of freedom#

p— C40 C49

| C7C8 C15C16 C23C24 C31C32 C41 C50 C57C58 C65C66 C73C74 C81C82

fr— C38 C47

| C5C6 C13C14 C21C22 C29C30 C39 C48 C55Ch6 C63 C64 C71C72 C79C80

f— C36 C45

| C3C4 C11Cl12 C19C20 C27C28 C37 C46 C53Ch4 C61C62 C69C70 C77C78

f— C34 C43

—— C1C2 C9C10 C17C18 C25C26 C35 C44 C51C52 C59 C60 C67 682 C75C76

4 —
5 —
D —
3
1 —

b— C33 C42

1177

Fig. 3. Numbering scheme for elements, nodes and degrees of freedom for a mesh consisting of four finite elements. The coefficients C1-C8, C9-C32, C33-
€50, C51-C82 correspond to pressure, stress tensor, velocity and velocity gradient. The boundary conditions are applied to the velocity degrees of freedom

(33, (40, C42, C49.

. 1 . 1 d(/)J
Ry :/ (10T 12n) ¢; dJ’+/ (pn — Tzzh)@ dy;

1 -1

i ! 1. ldi/h
R’G” = /71 <—§lauh +§W+Gnh><ﬂj dy;

_ 1 du . L
R’G12 = [1 (—d—yh+G12h> @; dy, RJG21 = /71(710”41 + Gain) @; dy;

i ! 1. 1 Cll/h
R [, (g3 g + ),

dy.

The stress field may be expanded in terms of discontinuous basis function without the need to take into account jumps be-
tween elements. In Couette flow, the steady state velocity only varies in the direction perpendicular to the flow and the stea-
dy state stress is constant. The O(€) terms of the expansion around the steady solution only have derivatives of stress with
respect to the y coordinate in the momentum equations (see Eq. (5)), which are eliminated after the integration by parts of

the weighted residuals.

The number of algebraic equations is 2n + 8m, where n is the number of basis functions ¢; and m is the number of basis
functions of the form ¢&;, ;, @; (notice that = and G have respectively 3 and 4 independent entries). For N elements, n = 2N + 1
and m = 2N, as shown in Fig. 3. Thus, the total number of degrees of freedom of the discretization is 2n + 8m = 20N + 2.

In vector form, the linear stability problem boils down to solving R(c) = 0, where the column vector ¢ consists of the coef-

ficients of the finite element perturbations

c=1[Pi,....Pn,T11,,.. .. T1y, Thzyy oo Tig, T2y oo T2, Uns o U Vi Vi, Gy - G, Gy s - - -, Gz, Gty - -

T
G211y G225+, Goon] s

R=[R!,...,R"R! ... R" R .....R" R

T’ T11? T2’

1 m 1 m 1T
RS, ....RC Rt ....RCT.

and R is the column vector of weighted residual equations:

T2’ T2’ T22 my’

m 1 n 1 n 1 m 1 m
R Rb.. REGRL....RERL ... RERL....RI.

L]

As usual, the sensitivity matrix A = 2 is the linear part of the expansion of R at ¢ = 0, and we search for vectors w in its ker-
nel, Aw = 0. Splitting A according to the growth rate ,A = J — oM, gives rise to the Jacobian matrix J and the mass matrix M.

We are thus led to the generalized, non-Hermitian eigenproblem (GEVP) Jc = ¢Mc, Eq. (1) of the introduction.
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Both M and ] partition naturally in a 4 x 4 block structure with square blocks along the diagonal. Many such blocks are
trivially zero. For example, the only non-zero block in the mass matrix M is Mz, containing the derivatives of the entries R’T[k
with respect to the variables 7. Keeping track of variable dependencies in a similar fashion, one is led to the configurations
below:

o o |ojo| on 0[0[Js|0 2N
0|Masl0l0 | 6N 0 [Jao| 0 [Joe | 6N
M = J= (6)
0| 0 |00 |4N +2 Jaa|Jsal 0| 0 [4N +2
0| o |ojo] 8N 0|0 |Ju3ldag| SN

The polynomial associated to the GEVP (1), then, is of degree at most 6N, a number much smaller than 20N + 2, the dimen-
sion of the full matrix A. The 14N + 2 missing dimensions are related to the eigenvalues at infinity. Indeed, in a nutshell, per-
turbations of the mass matrix, e.g. M* = M + ¢, have large eigenvalues in the spectrum, which go to infinity as € goes to 0.
Truncation errors in the numerical methods used to calculate the spectrum of the GEVP give rise to perturbations of the mass
matrix and lead to the appearance of very large eigenvalues. With the method of the following section, we count the eigen-
values at infinity correctly (there are many more), and, by eliminating them, we may transform the GEVP into a smaller, non-
degenerate one.

It is important to note that the method that is presented next can be applied on the formulation with or without the
interpolated velocity gradient field. However, the matrices transformations will not be exactly the same because they de-
pend on the structure of the matrices involved, which is a direct function of the relationship between equations and
variables.

Moreover, the fact that the problem used here to test the procedure is a unidirectional Couette flow does not bring any
particularity to the matrices’ structure, which would be very similar for a two-dimensional creeping flow. The only difference
is the size and structure of each individual block, which is a function of the finite element mesh and basis functions used to
expand each field. Consequently, the method presented in the following section can be used with different sets of basis func-
tions and can be easily generalized to two-dimensional flows. We presented for the particular case of a Couette flow of an
UCM liquid to make the matrix transformations used more clear and to be able to compare the computed spectrum to those
presented in the literature.

3. Getting rid of eigenvalues at infinity

Valerio et al. [13] showed that the GEVP resulting from linear stability analysis of viscous flow may be reduced, by a se-
quence of operations in the spirit of a partial Gaussian elimination, to a smaller GEVP with spectrum equal to the finite por-
tion of the spectrum of the original GEVP. The approach was used to compute the spectrum of the Couette flow of a
Newtonian liquid at moderate Reynolds number, leading to sparse matrices three times smaller, and numerical algorithms
with a speed-up factor of 35. In this section, we show that a similar approach can be used for viscoelastic flows, with even
larger gains.

The (generalized) eigenvalues ¢ of the GEVP represented in Eq. (1) are the roots of the characteristic polynomial
p(0) = det(A) = det(J — oM). Said differently, we are interested in the values of ¢ for which the homogeneous system
(J — oM)c = 0 has a non-trivial solution. Thus, if one replaces both J and M by matrices J and M, the GEVP’s Jc = 6Mc and
J€ = ¢M¢ have the same eigenvalues if the homogeneous systems gJ- Jﬁ)é =0 and (J — oM)c = 0 have a non-trivial solu-

tion for the same values of ¢. More concretely, consider multiplications J = XJY and M = XMY of both J and M by invertible
matrices X and Y independent of ¢. The matrices X and Y might arise while solving the homogeneous system (J — cM)c = 0
with a two-sided Gaussian elimination, in the sense that row and column elementary operations are allowed. Clearly, the
solutions of the systems (J — aﬁ)é =0and (J— cM)c = 0 are related by Y¢ = ¢, so it is algebraically simple to translate be-
tween (generalized) eigenvectors of both problems.

The matrix structure is of essence here, and an example with only N = 4 finite elements is shown in Fig. 4: the labelling of
entries follows Fig. 3. In this case, there are 20N + 2 = 82 degrees of freedom. The equations associated to the Dirichlet
boundary conditions correspond to rows 33, 40, 42 and 49. By inspection, on each such row, the only non-zero entry is
the diagonal position, equal to 1. Thus, without changes in the polynomial p(c), one may remove four rows and columns
of A, obtaining the matrix Ay = (J,, — 6My), which in general is of dimension 20N — 2.

We repartition Ay, by fitting into the same block the first two blocks of rows and columns. For the new partition, shown in
Eq. (7), A11p and Assp are squares of the same dimension 8N
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2N 6N 4N+2 8N 2N 6N 4N-2 8N
0 0
2N [Ty, 2N fehh
6N " -"-\\.‘ & \\\. = ﬂ“!g:'\.\ :"s."ﬁ.‘ .
20 R WY 6N 20 " AN
30F . \ 30 %, Y .
e h
o | . a2 J
R T S A
Trrr'}h 9 % k) %\'\
&N 80 "\ 8N 60 T N 1
70 k{ iy, ~
{7 ™, 70 12 ~ |
T, o b b AN
80 KA ] T-. ') .
0 10 20 30 40 50 60 70 80 0 10 20 30 40 50 60 70

nz = 420

Fig. 4. Left: the non-zero entries of A, N = 4. Right: A, obtained by removing 4 rows and columns of A.

Aub(U) Ay Aysy 3N

Ab=1| Ay, | 0 0 AN =2

0 Aszzp [Assp =D 8N

8N 4N -2 8N

On Ay, only the block Aqqp has any contribution from the mass matrix and consequently depends on the growth factor ¢ and
on the Wessenberg number We. The Jacobian matrix J and J,, are simultaneously invertible or not, and invertibility happens
generically. It breaks down at turning points of the solution path constructed along increasing We. In other words, for a given
flow there are isolated values of We at which J (or J,) may become singular. The triple (0 Asz, D) is formed by the last 8N
rows of J, and does not depend on We. These rows are always linearly independent, otherwise the square matrix J,, would
have been singular for all values of We. Thus, either the submatrix D is invertible or there must be a permutation of the last
12N — 2 columns of J,, for which the bottom 8N x 8N block is invertible. For the Couette flow of the UCM liquid, D is (invert-
ible) diagonal. Thus, the block Az, can be eliminated by performing elementary operations on columns, yielding A:

Allb(U) A12 Az, I[SN] 0 0
A= A21b 0 0 = Ab ’:[‘r7 where Tr = 0 I[4N—2] 0
0 0 D O —D_1A32b I[SN]

The modified block is evaluated as ;\12 = A — Aq3D 'Aspp,.
The characteristic polynomial p, (o) of A is

p,(0) = det(A) = det(Ay) det(T;) = det(Ap) = p(c).
Again, A and A, have the same eigenvalues. Now, making use of the special form of A, write
p:(0) = det(A) = det(D) det(B;) = K1p,(0), where D is an invertible diagonal matrix independent of o, B; is the 2 x 2 top
block submatrix of A and Da(0) = det(B;). Thus, the eigenvalues of B; are the same as the finite eigenvalues of Ay. For
N =4, A is shown in Fig. 5.
We consider a final partition of l};, shown below. This time, we mix variables pertaining to different fields. We now
use corner square blocks (independent of ¢) to perform elementary operations. The case N = 4 is displayed on the right

side of Fig. 5. The argument which showed that the Jacobian matrix is generally non-singular implies also that the
4N — 2 rows and columns of the triples (B; ’BX ,0) and (B; ’BX ,0)" are linearly independent. Again, there are per-
31 32 13 23

mutations on the last rows and columns that give rise to invertible corner blocks: for the Couette flow no permutations
are necessary
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Fig. 5. A = A,T; and B; appropriately partitioned, N = 4.
B3,,(0)|Ba,(0)| Bzis 4N —2 b,
Bi=| B, (0)|Bins(0)| Bass |4N+2 P=|b,
Bis, Bis, |Basz =0 AN =2 bs
AN —2 4N +2 4N -2
The next step should be clear: set
B311(0)Ba12(0)Bays
Bi=| @ B —F,B; F
A Bi,:(0)|Bag,(o)] 0 ¢ AT
BA31 0 0

where F, and F, are block elementary matrices. Both are partitioned like B~, with identity blocks along the diagonal and each

one has a unique off-diagonal non-zero block: for F,, its (21) block equals A—B; B;‘ and for F, its (12) block is —Bi‘ BX .As
23 13 31 32

explained bellow, the only block needed to compute the finite eigenvalues is the central block B,Xv . It is computed as
22
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Fig. 6. The matrix f;} =FBF, N=4.
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B- =-B- B-'(-B- B-'B- +B- )-B-~ B-'B- +B- .

Az Az Agz A Ay Ajxp Az Az A3y Asx Ap
The structure of the matrix B~ is shown in Fig. 6 for N = 4. The central block, B~ is a very sparse matrix for large N.
2 —
For p;(0) = det( )we st1|1 have p;(0) = p,(0) = det( A) but more is true, since BX is non-singular, the blocks B; and

13

B; are invertible matrlces independent of ¢ : p;(0) and det(BAXJ (0)) have the same finite roots, which are the same as the
31 22

finite roots of p(o), the generalized eigenvalues of the original stability problem.
Now, generically, det(ﬁj (0)) is of degree 4N + 2, the dimension of the block B~ ( ): the original GEVP of dimension
22
20N + 2 has been reduced to a GEVP of dimension 4N + 2, (J~ - GM~ )d 0, where the matrix M~ is (generically) invert-

ible: all the eigenvalues are now finite. In principle, the problem may be reduced to a standard ergenvalue problem and the
complete physically relevant spectrum can be evaluated by solving a regular GEVP that is approximately 1/5 of the size of the
original GEVP.

We now keep track of the transformations induced on the generalized eigenvectors by the operations above. Start with a
vector c satisfying Ac = 0 associated to a generalized eigenvalue ¢. The solution ¢, of the system Ayc;, = 0 (for the same o) is
obtained from ¢ by removing the four coordinates equal to O at the entries related to the Dirichlet boundary conditions. The
solution of Ac = 0 solves T,€ = ¢;, and the inverse of T, differs from T, by an overall change of sign in the (3,2)-block.

We now relate the non-trivial solutions of B~b 0 to ¢ = (¢4, Cz,Cg) Here, ¢ is partitioned in accordance to the block
structure of A. The system A€ = 0 gives

A1161 + A1262 + A13€3 = 07 A2161 = 0, ng =0.

Since D is invertible, ¢3 = 0. The first equations then imply b = (€1,62)" o .
Use B~ = F5B~F and the assumption that F, is invertible to conclude that the solution b of BXb = 0 satisfies F,b = b. We

are left w1th relatmg b with the solution d of B~ d 0. Now, partition b = (b;,b,,b3)" and write ﬁiﬁ — 0 in block form.
Assuming the invertibility of B~ and B~ ,itis easy to see, sequentially, that b; = 0, b, is an ergenvector of B~ (and hence,
generically, one may take W1thout loss bz =d) and finally b; = fB~ B~ d. The upshot is that from the elgenvector d of the

13 12
reduced GEVP one may retrieve the eigenvector related to the same ¢ of the original stability problem.

4. Numerical results

We compare the results obtained with our method with data available in the literature. The calculations were performed
using We = 10 and « = 1, the same parameters used by Sureshkumar [9].

First, we perform an internal validation. The results of the LAPACK routine ZGEEV for the reduced and the original GEVP
on a mesh of N = 60 elements essentially agreed to full numerical precision (eight digits). Indeed, there are no approxima-
tions in the reduced problem: it only takes advantage of the structure of the matrices. The dimensions of the original eigen-
problem is 20N + 2 = 1202. The reduced matrix, instead, has dimension 4N + 2 = 242: this is general — dimensions are in the
proportion of 5 to 1. For eigenvectors, the agreement is also excellent.

Re=0 We=10 a=1
15 : : : :

0.5r R

* 800 elem
O 500 elem
sl 125 elem ‘ ‘ ‘ ‘ ‘
2012 -0.11 -0.1 -0.09 -0.08 -0.07 —-0.06 —-0.05

real

Fig. 7. Spectrum of plane Couette flow UCM liquid with We = 10 and o = 1, for N = 125, 500 and 800 elements.
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Table 1

CPU time in seconds, for the original and reduced GEVP’s.

N 20N + 2 4N + 2 torig Lred torig/tred
60 1202 242 140 3.1 45

100 2002 402 629 13 48

125 2502 502 1252 21 59

150 3002 602 - 43.6 -

200 4002 802 - 85.8 -

300 6002 1202 - 254.3 -

The approximate spectrum obtained by the Galerkin discretization is shown in Fig. 7 for three different meshes with
N = 125, 500 and 800 elements. It contains the two Gorodstov-Leonov modes and a set of eigenvalues approximating the
continuous part of the true spectrum. The computed GL modes are essentially the same starting from N = 125 elements:

Eigenvector related to 6 = —0.0550784 — 0.9504327i
1 T T T T

0 e e
-1 -0.8 —0.6 —0.4 -0.2 0 0.2 0.4 0.6 0.8 1

Fig. 8. Modulus of the transversal velocity, pressure and normal component of the stress tensor along the flow direction related to the bottom GL-mode
gL = —0.0550784 — 0.9504327i.

‘ Im

¢
) iD 4B

¥=0.608 ¢ 0.608
L AL G

y=0.6 ¢ 0.6
1 element { ‘
¢

W -0.1166 -0.1 —0.0835 Re

Fig. 9. Detail of the spectrum near —0.1 + 0.6i at We = 10,0 = 1 and N = 125.
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the relative deviation comparing results for N = 125 and N = 500 is 107°. The values agree well with those obtained by
Sureshkumar [9] using streamfunction formulation and a spectral method.

As in the spectral method predictions of Sureshkumar [9] and Wilson et al. [4], the approximation of the continuous spec-
trum is not precise: for each fixed choice of N, we identified what looks like three lines of eigenvalues close to the continuous
spectrum. One such line - not located in the quoted references - lie near the spectrum related to the known analytical solu-
tion, the line segment —1/We + i = —0.1 £ i. The computed eigenvalues approximating this segment have their real part
equal to —1/We = —0.1 with an error of 107", The imaginary parts are uniformly distributed from —0.99853 to 0.99853.
The number of such eigenvalues is equal to 2N — 1. The other two lines of eigenvalues form an oval around the analytical
solution and are similar to those identified by [9,4]. As in [9,4], the oval slowly converges to the analytical solution. With
800 elements, the relative error of the approximations to the continuous part of the spectrum is less than 4%.

Eigenfunctions
008 T ‘ T L
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—0.02 I I I I I I I I I
-1 -0.8 -0.6 -0.4 -0.2 0 0.2 0.4 0.6 0.8

6 =-0.1166 + 0.6000i
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Re(Txx)
o
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s 9 i% 7
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-1 -0.8 -0.6 -04 -0.2 0 0.2 0.4 0.6 0.8 1
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-

Fig. 10. Eigenfunctions associated with eigenvalue A, indicated in Fig. 9: (a) vertical velocity and (b) stress components.
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For different values of N, Table 1 gives the CPU time required to solve both the original and the reduced GEVP’s. The latter
includes the time required to obtain the reduced GEVP. The speed-up factor is approximately equal to 50. For N > 150, soft-
ware memory was not enough to solve the original GEVP.

Eigenvectors have coordinates of three different natures: velocity, pressure and stress. The eigenvector of the bottom GL
mode is shown in Fig. 8. The absolute values of the transversal velocity and pressure are smooth, whereas the absolute value
of the (1,1) entry of the stress tensor field presents a peak, with location dependent on the imaginary part of the GL mode.

We now focus on the continuous part of the spectrum, the interval of eigenvalues with real part —1/We = —0.1. Our
numerical results indicate that each eigenvalue in the interval gives rise to two eigenvalues of the discrete problem, one with
the same real part —0.1 and the other oscillating from right to left, according to parity. Fig. 9 sketches the discrete eigen-
values near —0.1 + 0.6i for N = 125. The number of eigenvalues with real part less than —0.1 is equal to the number of nodes
located on element boundaries. The imaginary part of each such eigenvalue is in good agreement with a node coordinate.

Eigenfunctions

—— Re(v)
-5 Imag(v)

-0.01 oo | . . . . . .
-1

-0.8 -0.6 -0.4 -0.2 0 0.2 04 0.6 0.8 1
6 =-0.0835 + 0.6080i
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x
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& o051 E
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-1 -0.8 -0.6 -0.4 -0.2 0 0.2 0.4 0.6 0.8 1
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c -2F B
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4
4 i
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-1 -0.8 -0.6 -0.4 -0.2 0 0.2 0.4 0.6 0.8 1

o= -0.0835 +0.6080i

Fig. 11. Eigenfunctions associated with eigenvalue B, indicated in Fig. 9: (a) vertical velocity and (b) stress components.
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Fig. 12. Eigenfunctions associated with eigenvalue C, indicated in Fig. 9: (a) vertical velocity and (b) stress components.

o= -0.1001 +0.6000i
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Similarly, the number of eigenvalues with real part equal to —0.1 equals the number of nodes of the mesh and the imaginary
part of each eigenvalue is close to the coordinate of one such node. Finally, there are as many eigenvalues with real part
greater than —0.1 as elements, and its imaginary parts agree with the coordinate of the middle node of each element.

The eigenfunctions associated with the eigenvalues marked as A and B in Fig. 9 are presented in Figs. 10 and 11. The ver-
tical velocity and stress fields behave like the analytical solution obtained by Graham [10]. More precisely, Graham’s analytic
solutions provide a two-dimensional subspace of eigenfunctions for each point in the continuous spectrum: our computa-
tions obtain approximations of elements in these subspaces. All the stress components are singular at y = 0.6. Also, as ob-
served by Graham, the computed stress components are such that |Ty| > |Ty| > |T,,| and the region around y = 0.6 affected
by the singular behavior is larger for the Ty, field. Both observations are consistent with the analytical singularity strength of

each stress component.
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Fig. 13. Eigenfunctions associated with eigenvalue D, indicated in Fig. 9: (a) vertical velocity and (b) stress components.

The eigenfunctions associated with the eigenvalues C and D in Fig. 9 are presented in Figs.12 and 13. The corresponding
eigenfunctions are not as smooth as those associated with eigenvalues A and B. Both velocity and stress fields are jagged
around the singular point. Again, there is good agreement between the computed eigenfunctions and Graham’s results.

Our numerics did not identify eigenfunctions of the type obtained analytically by Kupferman [11]: in that case, velocity
components are identically zero and stress components consist of deltas, and its first and second derivatives.

5. Final remarks

This work presents a finite element formulation for the problem of linear stability analysis of a plane Couette flow of an
UCM liquid. The computed eigenspectrum provides a better approximation of the continuous part of the spectrum than the



J.V. Valério et al./Journal of Computational Physics 228 (2009) 1172-1187 1187

available computations making use of the streamfunction formulation and spectral methods. The computed eigenfunctions
approximate well the analytical solutions derived by Graham [10].

The stability problem reduces to the solution of a generalized eigenvalue problem. We introduce a method to eliminate all
the eigenvalues at infinity. The algorithm gives rise to an equivalent reduced GEVP with non-singular matrices, whose
dimension is approximately 1/5 of the original one. The finite part of the spectrum of both GEVP’s is equal. The main advan-
tages of the new method are

e Eigenvalues at infinity are eliminated without either mapping or preconditioning techniques, which are computationally
expensive.

e Without performing approximations, the dimension of the eingenproblem is divided by five.

e The reduced GEVP is non-singular and sparse and may be rewritten as a genuine EVP.

Such features decrease significantly the computational cost of the evaluation of the eigenspectrum of an incompressible
viscoelastic flow. In the example presented, the method was 50 times faster than the numerical solution of the original GEVP.
The method takes advantage of the structure of the matrices, which is a function of the relationship between governing
equations and variables, and it is completely independent of the discretization method. The fact that the problem used as
a test here is a unidirectional flow does not bring any particularity to the structure of the Jacobian and Mass matrices, which
would be very similar for a two-dimensional flow.
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